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a b s t r a c t
Let S be any set of natural numbers, and A be a given set of rational numbers. We say that
S is an A-quotient-free set if x, y ∈ S implies y/x 6∈ A. Let ρ(A) = supS δ(S) and ρ(A) =
supS δ(S), where the supremum is taken over all A-quotient-free sets S, δ(S) and δ(S) are
the upper and lower asymptotic densities of S respectively. Let ρ(A) = supS δ(S), where
the supremum is taken over all A-quotient-free sets S such that δ(S) exists. In this paper
we study the properties of ρ(A), ρ(A) and ρ(A).
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Suppose that M is a set of positive integers. A set S of positive integers is called an M-set if no two elements of S differ
by an element ofM . Motzkin (see [1]) asked how dense anM-set can be. Let δ(S) be the upper density of S. Letµ(M) be the
supremum of δ(S) taken over allM-sets S.
Cantor and Gordon [1] determined µ(M) for |M| ≤ 2. Haralambis [3] determined µ(M) for M = {1, j, k} and
M = {1, 2, j, k}. Tripathi and Gupta [4] and Gupta [2] determined values of µ(M) in many other cases with |M| = 3, 4,
and determined values of µ(M)withM being a finite arithmetic progression.
Now we consider the following question:
Suppose that A is a set of rational numbers. How dense a set S of positive integers can be if no element of A is the quotient of
two elements of S?
A set S of positive integers is called an A-quotient-free set if x, y ∈ S implies yx 6∈ A. We define
ρ(A) = sup
S
δ(S), ρ(A) = sup
S
δ(S)
where the supremum is taken over all A-quotient-free sets S, δ(S) and δ(S) are the upper and lower asymptotic densities of
S respectively. If δ(S) = δ(S), then we say that S has the asymptotic density δ(S)(= δ(S) = δ(S)) and denote
ρ(A) = sup
S
δ(S),
where the supremum is taken over all A-quotient-free sets S for which δ(S) exists.
It is clear that ρ(A) exists for any given subset A of rational numbers, and we easily see that ρ(A) ≥ ρ(A) ≥ ρ(A).
In this paper, we always assume that A is a subset of natural numbers. The following results are proved.
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Theorem 1. (i) If A = {a1, a2, . . . , ar} with 1 < a1 < a2 < · · · < ar , then
ρ(A) ≥ (a1 − 1)ar
a1ar − 1 .
(ii) If A = {a, a2, . . . , ak}, where k ≥ 1 and a > 1, then
ρ(A) = ρ(A) = ρ(A) = a
k(a− 1)
ak+1 − 1 .
Theorem 2. Let A = {a1, a2, . . . , ar} with 1 < a1 < a2 < · · · < ar such that the ai are pairwise coprime, and let M =
M(a1, . . . , ar) = {m1 < m2 < · · ·} be the set of integers of the form aα11 aα22 · · · aαrr , αi ≥ 0 (1 ≤ i ≤ r). Then
ρ(A) =
r∏
i=1
(
1− 1
ai
) ∞∑
t=1
f (t)
(
1
mt
− 1
mt+1
)
,
where f (t) = f (A, t) denotes themaximal cardinality of A-quotient-free subsets of {m1,m2, . . . ,mt}, in any case f (1) = f (2) =
1, m1 = 1 and m2 = a1.
Corollary 1. Let A and f (t) be as in Theorem 2, and let T (A) = {t : f (t)− f (t − 1) = 1}. Then
ρ(A) =
r∏
i=1
(
1− 1
ai
) ∑
t∈T (A)
1
mt
.
Corollary 2. Let A and M be as in Theorem 2,
mi = aαi11 aαi22 · · · aαirr , i = 1, 2, . . .
and let
Aj(t) = Aj(a1, . . . , ar , t) =
{
mi : αi1 + · · · + αir ≡ j(mod 2), i = 1, 2, . . . , t
}
, j = 0, 1.
Then
ρ(A) ≥
r∏
i=1
(
1− 1
ai
) ∞∑
t=1
max
{
|A0(a1, . . . , ar , t)|, |A1(a1, . . . , ar , t)|
}( 1
mt
− 1
mt+1
)
.
Theorem 3. There exists infinitely many sets A such that ρ(A) > ρ(A).
Theorem 4. Let M, A be as in Theorem 2, M ′ ⊆ M be an A-quotient-free set. Then
ρ(A) ≥
r∏
i=1
(
1− 1
ai
) ∑
m′∈M ′
1
m′
.
In particular
ρ(A) ≥ 1
2
(
1+
r∏
i=1
ai − 1
ai + 1
)
.
We pose the following questions and conjecture.
Question 1. Find all r− tuple {a1, . . . , ar} such that
f
({a1, . . . , ar}, t) = max{|A0(a1, . . . , ar , t)|, |A1(a1, . . . , ar , t)|}, t = 1, 2, . . . .
Question 2. Are there any sets A such that ρ(A) = ρ(A) 6= ρ(A)?
Conjecture 1.
f
({2, 3}, t) = max{|A0(2, 3, t)|, |A1(2, 3, t)|}, t = 1, 2, . . . .
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2. Proofs of Theorems
For a subset A of natural numbers, and a positive integer n, let nA = {na : a ∈ A}. For two real numbers x and y, let
(x, y] = {i : x < i ≤ y, i ∈ Z} and [x, y] = {i : x ≤ i ≤ y, i ∈ Z}. For a subset S of natural numbers, and a positive number x,
let S(x) = |S ∩ [1, x]|.
Proof of Theorem 1. (i) Let
S =
∞⋃
i=1
(
(a1ar)i−1, a1(a1ar)i−1
]
, i = 1, 2, . . . .
Then S is an A-quotient-free set and
ρ(A) ≥ δ(S) ≥ lim
k−→∞
S(a1(a1ar)k−1)
a1(a1ar)k−1
= ar(a1 − 1)
a1ar − 1 .
This completes the proof of Theorem 1(i).
(ii) Let S be any A-quotient-free set. For any x > a, let
Bn = xa−(k+1)n, Sn = S ∩ (Bn, ak+1Bn], n = 1, 2, . . . .
For any u ∈ Sn there exists an integer tu with 0 ≤ tu ≤ k such that
atuu ∈ (akBn, ak+1Bn].
For any u, v ∈ Sn, u > v, we have atuu 6= atvv by u/v 6∈ A. So
|Sn| ≤ ak+1Bn − akBn + 1.
Let
L =
[
log x
(k+ 1) log a
]
+ 1.
Then BL < 1. Hence
|S(x)| =
L∑
n=1
|Sn| ≤ L+ ak(a− 1)
L∑
n=1
Bn = L+ xak(a− 1)a
−k−1 − a−(k+1)(L+1)
1− a−k−1 .
Thus
lim sup
x→∞
|S(x)|
x
≤ a
k(a− 1)
ak+1 − 1 .
So
ρ(A) ≤ a
k(a− 1)
ak+1 − 1 .
Let SA = {n : n ∈ N, a - n} and S = ⋃∞l=0 a(k+1)lSA. It is trivial that S is an A-quotient-free set. For any x, the number of n
with a(k+1)ln ≤ x and a - n is (1− 1a ) xa(k+1)l + O(1).
Recall that
L =
[
log x
(k+ 1) log a
]
+ 1,
we have
δ(S) = lim
x→∞
S(x)
x
= lim
x→∞
1
x
L∑
l=0
(
1− 1
a
)
x
a(k+1)l
+ lim
x→∞
O(L)
x
= a
k(a− 1)
ak+1 − 1 .
Hence
ak(a− 1)
ak+1 − 1 ≤ ρ(A) ≤ ρ(A) ≤ ρ(A) ≤
ak(a− 1)
ak+1 − 1 .
This completes the proof of Theorem 1(ii). 
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Lemma 1. Let a1, a2, . . . , ar be positive integers which are pairwise coprime, M(a1, . . . , ar) be the set of integers of the form
aα11 a
α2
2 · · · aαrr , αi ≥ 0 (1 ≤ i ≤ r) and N(a1, . . . , ar) be the set of integers n ≥ 1 with ai - n (1 ≤ i ≤ r). Then
(i) every positive integer k can be represented uniquely as k = mn, m ∈ M(a1, . . . , ar) and n ∈ N(a1, . . . , ar);
(ii) if mn/(m′n′) ∈ {a1, a2, . . . , ar}, m,m′ ∈ M(a1, . . . , ar) and n, n′ ∈ N(a1, . . . , ar), then n = n′ and m/m′ ∈
{a1, a2, . . . , ar}.
The proof of Lemma 1 is left to readers.
Proof of Theorem 2. Let N(a1, . . . , ar) be as in Lemma 1. For a positive number X and 1 ≤ n ≤ X with n ∈ N(a1, . . . , ar),
let
RX (n) = [1, X] ∩ {mkn : k = 1, 2, . . .}.
Clearly, {mikn : k = 1, 2, . . . , w} ⊆ RX (n) is an A-quotient-free set if and only if {mik : k = 1, 2, . . . , w} ⊆ R Xn (1) is an
A-quotient-free set. Let S be an A-quotient-free set. Then by the definition of f (t)we have |S ∩ RX (n)| ≤ f (|RX (n)|).
Let gX (t) be the number of n ∈ [1, X] with n ∈ N(a1, . . . , ar) and |RX (n)| = t . For u ∈ S with 1 ≤ u ≤ X , by Lemma 1
there existsmk ∈ M(a1, . . . , ar) and n ∈ N(a1, . . . , ar)with u = mkn. It is clear thatm1 = 1, n ∈ RX (n) and 1 ≤ k ≤ |RX (1)|.
So
|S ∩ [1, X]| =
∑
1≤n≤X
n∈N(a1,...,ar )
|S ∩ RX (n)| =
|RX (1)|∑
t=1
∑
1≤n≤X
n∈N(a1,...,ar )|RX (n)|=t
|S ∩ RX (n)|
≤
|RX (1)|∑
t=1
∑
1≤n≤X
n∈N(a1,...,ar )|RX (n)|=t
f (t) =
|RX (1)|∑
t=1
f (t)gX (t).
Hence
ρ(A) ≤ lim sup
X→∞
1
X
|RX (1)|∑
t=1
f (t)gX (t).
If t is fixed, then |RX (n)| = t if and only if
nmt ≤ X < nmt+1.
That is
X
mt+1
< n ≤ X
mt
.
Therefore
gX (t) =
∑
X
mt+1 <n≤
X
mt
n∈N(a1,...,ar )
1 =
r∏
i=1
(
1− 1
ai
)
·
(
1
mt
− 1
mt+1
)
X + α(n, t), (1)
where |α(n, t)| ≤ 2r . Since
|RX (1)| ≤
r∏
i=1
(
log X
log ai
+ 1
)
,
we have
ρ(A) ≤ lim sup
X→∞
1
X
|RX (1)|∑
t=1
f (t)gX (t)
=
r∏
i=1
(
1− 1
ai
) ∞∑
t=1
f (t)
(
1
mt
− 1
mt+1
)
.
Now we prove that
ρ(A) ≥
r∏
i=1
(
1− 1
ai
) ∞∑
t=1
f (t)
(
1
mt
− 1
mt+1
)
.
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Let T be a positive integer,Mt be an A-quotient-free subset of {m1, . . . ,mt} of size f (t), NT (k) = mkT+1,
ST (k) =
T⋃
t=1
⋃
NT (k)
mt+1 <n≤
NT (k)
mt
n∈N(a1,...,ar )
nMt
and
ST =
∞⋃
k=1
ST (k).
By Lemma 1, each ST (k) is an A-quotient-free set. Since
NT (k) = NT (k+1)mT+1 ,
by Lemma 1 we know that ST is an A-quotient-free set. By the definition of ST , Lemma 1 and (1) we have
|ST (NT (k))| =
k∑
i=1
|ST (i)| =
T∑
t=1
f (t)
k∑
i=1
gmiT+1(t).
Again, by (1) we have
ρ(A) ≥ lim sup
k→∞
|ST (NT (k))|
NT (k)
= lim
k→∞
1
NT (k)
T∑
t=1
f (t)
k∑
i=1
gmiT+1(t)
= mT+1
mT+1 − 1
r∏
i=1
(
1− 1
ai
) T∑
t=1
f (t)
(
1
mt
− 1
mt+1
)
.
Hence
ρ(A) ≥ lim
T→∞
mT+1
mT+1 − 1
r∏
i=1
(
1− 1
ai
) T∑
t=1
f (t)
(
1
mt
− 1
mt+1
)
=
r∏
i=1
(
1− 1
ai
) ∞∑
t=1
f (t)
(
1
mt
− 1
mt+1
)
.
This completes the proof of Theorem 2. 
Proof of Corollary 1. Since f (0) = 0, f (t) − f (t − 1) = 0, 1, t = 1, 2, . . . and f (t) ≤ t ≤ |Rmt (1)| which implies that
f (t)/mt → 0 as t →∞, by Abel’s partial summation, we have
∞∑
t=1
f (t)
(
1
mt
− 1
mt+1
)
=
∑
t∈T (A)
1
mt
.
Now Corollary 1 follows from Theorem 2. 
Proof of Corollary 2. Since each Aj(a1, . . . , ar , t) is an A-quotient-free set, we have
f (t) ≥ max{|A0(a1, . . . , ar , t)|, |A1(a1, . . . , ar , t)|}.
Now Corollary 2 follows from Theorem 2. 
Proof of Theorem 3. Let A = {2, a}, where a = 22k+1 − 1 and k is an integer with k ≥ 2. We assume that
ρ(A) = ρ(A) = ρ.
Let ε > 0. Since
ρ = ρ(A) = sup
S
δ(S), ρ = ρ(A) = sup
S
δ(S),
there exists an A-quotient-free set S0 such that ρ − ε ≤ δ(S0) ≤ δ(S0) ≤ ρ. So there exists x0 > 0 such that for x > x0 we
have
ρ − 2ε ≤ S0(x)
x
≤ ρ + ε.
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Now for any x > x0, let
|S0 ∩ (1, x]| = u0x, |S0 ∩ (1, 2x]| = 2u1x, |S0 ∩ (x, 2x]| = u2x.
Then ρ − 2ε ≤ u0, u1 ≤ ρ + ε. By u2 = 2u1 − u0 we have ρ − 5ε ≤ u2 ≤ ρ + 4ε.
For any x > ax0, let∣∣∣S0 ∩ ( x2 , x]∣∣∣ = u′1 x2 ,
∣∣∣∣S0 ∩ ( xa , 2xa
]∣∣∣∣ = u′2 xa , |S0 ∩ (x, 2x]| = u′3x.
Then u′i > ρ − 5ε, i = 1, 2, 3. Since u/v 6∈ {2, a} for any u, v ∈ S0, we have
2
(( x
2
, x
]
∩ S0
)
∩ ((x, 2x] ∩ S0) = ∅,
a
((
x
a
,
2x
a
]
∩ S0
)
∩ ((x, 2x] ∩ S0) = ∅.
So
u′3x = |(x, 2x] ∩ S0| ≤ x−
x
2
u′1 −
x
a
u′2 +
x
2a
.
Hence(
3
2
+ 1
a
) (
ρ − 5ε) ≤ u′3 + u′12 + u′2a ≤ 1+ 12a .
Since ε > 0 can be arbitrarily small, we have
ρ ≤ 2a+ 1
3a+ 2 . (2)
On the other hand, let Ai(t) (i = 0, 1) be as in Corollary 2. Since
M(2, a) = {1, 2, 22, . . . , 22k, a, 22k+1, 2a, 22k+2, . . .},
we have A1(2k+ 3) = A0(2k+ 3)+ 1. By Corollary 2 we have
ρ = ρ(A) ≥
(
1− 1
2
)(
1− 1
a
)(2k+2∑
t=1
A0(t)
(
1
mt
− 1
mt+1
)
+ (A0(2k+ 3)+ 1) ( 1m2k+3 − 1m2k+4
)
+
∞∑
t=2k+4
A0(t)
(
1
mt
− 1
mt+1
))
=
(
1− 1
2
)(
1− 1
a
) ∞∑
t=1
A0(t)
(
1
mt
− 1
mt+1
)
+
(
1− 1
2
)(
1− 1
a
)(
1
22k+1
− 1
2a
)
=
(
1− 1
2
)(
1− 1
a
) ∞∑
t=1
A0(t)− A0(t − 1)
mt
+
(
1− 1
2
)(
1− 1
a
)(
1
22k+1
− 1
2a
)
= 1
2
(
1− 1
a
) ∞∑
s=0
∞∑
l=0
(
1
22sa2l
+ 1
22s+1a2l+1
)
+ 1
2
(
1− 1
a
)(
1
22k+1
− 1
2a
)
= 8a
3 + 7a2 − 6a+ 3
12a2(a+ 1) .
By (2) we have
8a3 + 7a2 − 6a+ 3
12a2(a+ 1) ≤ ρ ≤
2a+ 1
3a+ 2 .
That is,
a(a2 − 16a− 3) < −6.
Since a = 22k+1 − 1 ≥ 31 (k ≥ 2), we have a(a2 − 16a − 3) > 0, a contradiction. Therefore ρ(A) > ρ(A). This completes
the proof of Theorem 3. 
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Proof of Theorem 4. Let N(a1, . . . , ar) be as in Lemma 1. Since M ′ ⊆ M is an A-quotient-free set, by Lemma 1, S =⋃
n∈N(a1,...,ar ) nM
′ is an A-quotient-free set. For any x > 1 and m′ ∈ M ′, the number of n with n ∈ N(a1, . . . , ar) and
nm′ ≤ x is
r∏
i=1
(
1− 1
ai
)
x
m′
+ O(2r).
The number ofm′ ∈ M ′ withm′ ≤ x is O((log x)r). Hence
δ(S) = lim
x→∞
S(x)
x
= lim
x→∞
1
x
r∏
i=1
(
1− 1
ai
) ∑
m′∈M ′,m′≤x
x
m′
+ lim
x→∞
O((2 log x)r)
x
=
r∏
i=1
(
1− 1
ai
) ∑
m′∈M ′
1
m′
.
Therefore
ρ(A) ≥ δ(S) =
r∏
i=1
(
1− 1
ai
) ∑
m′∈M ′
1
m′
.
Let
mi = aαi11 aαi22 · · · aαirr , i = 1, 2, . . .
and
M ′ = {mi : αi1 + · · · + αir ≡ 0(mod 2), i = 1, 2, . . .}.
Then
ρ(A) ≥
r∏
i=1
(
1− 1
ai
) ∑
m′∈M ′
1
m′
=
r∏
i=1
(
1− 1
ai
) ∑
αi1+···+αir≡0(mod 2)
1
a
αi1
1 · · · aαirr
= 1
2
r∏
i=1
(
1− 1
ai
) ∑
αit≥0,0≤t≤r
1
a
αi1
1
· · · 1
a
αir
r
+
∑
αit≥0,0≤t≤r
1
(−a1)αi1 · · ·
1
(−ar)αir

= 1
2
r∏
i=1
(
1− 1
ai
)( r∏
i=1
1
1− 1ai
+
r∏
i=1
1
1+ 1ai
)
= 1
2
(
1+
r∏
i=1
ai − 1
ai + 1
)
.
This completes the proof of Theorem 4. 
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